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ABSTRACT
We study the contributions to the relativistic Fe 𝐾𝛼 line profile from higher order images (HOIs) produced by strongly deflected
rays from the disk which cross the plunging region, located between the innermost stable circular orbit (ISCO) radius and the
event horizon of a Kerr black hole. We investigate the characteristics features imprinted by the HOIs in the line profile for
different black hole spins, disk emissivity laws and inclinations. We find that they extend from the red wing of the profile up to
energies slightly lower than those of the blue peak, adding ∼ 0.4−1.3% to the total line flux. The contribution to the specific flux
is often in the ∼ 1% to 7% range, with the highest values attained for low and negative spin (𝑎 . 0.3) black holes surrounded
by intermediate inclination angle (𝑖 ∼ 40◦) disks. We simulate future observations of a black hole X-ray binary system with the
Large Area Detector of the planned X-ray astronomy enhanced X-ray Timing and Polarimetry Mission (eXTP) and find that the
Fe 𝐾𝛼 line profiles of systems accreting at . 1% the Eddington rate are affected by the HOI features for a range of parameters.
This would provide evidence of the extreme gravitational lensing of HOI rays. Our simulations show also that not accounting
for HOI contributions to the Fe 𝐾𝛼 line profile may systematically bias measurements of the black hole spin parameter towards
values higher by up to ∼ 0.3 than the inputted ones.

Key words: X-rays: binaries – Stars: black holes – Galaxies: active – Accretion, accretion disks – Relativistic processes –
Methods: numerical

1 INTRODUCTION

Astrophysical Black Holes (BHs) as described by General Relativ-
ity (GR) are remarkably simple objects characterized by just their
mass, 𝑀 , and angular momentum, 𝐽 (their electric charge 𝑄 is as-
sumed to be negligibly small). BH angular momentum, often ex-
pressed in terms of the dimensionless spin parameter 𝑎 ≡ 𝐽𝑐/𝐺𝑀2
with |𝑎 | ≤ 1, induces frame-dragging, the rotation of the spacetime
around BHs, which affects considerably the motion of matter and
light in the close vicinity of the event horizon and enables extraction
of BH rotational energy (Misner et al. 1973). BH spin is of great
importance across the whole mass scale, from stellar-mass BHs in
X-ray binaries and in merging BH binaries, to supermassive BHs in
active galactic nuclei (AGNs). A number of astrophysical phenom-
ena are believed to be determined by, or at least associated to it: for
instance the launching of relativistic jets; the powering of gamma
ray bursts and peculiar supernovae; key properties of accretion disks
and hot coronae hovering around BHs. Spin measurements inform
also models of BH formation and growth (see, e.g., Volonteri et al.
2003; Barack et al. 2019, and references therein). Effects originating
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from BH spin provide diagnostic tools to verify some fundamental
predictions of GR and the Kerr hypothesis itself (see e.g. Bambi
2011).
Several methods have been devised to measure or constrain BH

spin; they all resort to signals coming from within a few gravitational
radii of the BH (see e.g., Middleton 2016; Falanga et al. 2015, and
references therein). For example, one method exploits the "multi-
colour" blackbody X-ray emission from the innermost region of the
accretion disk that surrounds stellar mass BHs (see e.g., McClintock
et al. 2014, and references therein); other methods are based on the
quasi-periodic oscillations in the X-ray flux of accreting BHs and
their interpretation in terms of fundamental frequencies of motion
of matter orbiting close to BHs (see e.g., Belloni & Stella 2014, and
references therein). The gravitational wave signal detected by LIGO
and Virgo from binary BH mergers encodes also information on BH
spin (see e.g., Abbott et al. 2019).
Among spectral methods, themodeling of reflection features in the

X-ray spectra of disk accreting BHs of all masses has received a great
deal of attention in relation to its potential in measuring BH spin,
revealing strong-field GR effects and possibly testing the predictions
of alternative gravity theories (see e.g., Fabian et al. 1989; Laor
1991; Reynolds & Begelman 1997; Fabian et al. 2000; Martocchia
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et al. 2000; Reynolds & Nowak 2003; Psaltis 2008; Johannsen &
Psaltis 2013; Reynolds 2014; Bambi 2017; Zhou et al. 2020a, and
references therein). Such features originate in the illumination of the
(optically thick) accretion disk by a hot inner Comptonising corona;
they include an excess below a few keV, a broad bump starting at
a ∼ 10 keV and usually peaking around 30 – 40 keV, together with
the main object of the present study, an iron fluorescence (Fe 𝐾𝛼)
emission line, centred around ∼ 6.4 keV with a remarkably broad,
redshifted and asymmetric shape extending over a few keV. The
profile of this line is believed to arise from the motion of matter in the
inner disk regions as result of a combination ofGR effects, relativistic
Doppler shifts and beaming, gravitational and transverse redshifts
and light bending (Fabian et al. 1989). By fitting the observed X-ray
spectra with models including the Fe-line profile calculated in the
Kerr spacetime by integrating over the line-emitting disk region, it is
possible to estimate accretion disk parameters such as the inclination
angle, the inner radius, and the radial dependence of the surface
emissivity. Most importantly, since the disk is expected to extend
down to the innermost stable circular orbit (ISCO), whose radius
depends on the spin parameter, the latter can be inferred, or at least
constrained (see e.g., Matt et al. 1993; Martocchia & Matt 1996):
therefore, these profiles represent a diagnostic tool to determine BH
spin and to study the accretion flows and motions, as well as the
physical conditions of matter in the close vicinity of compact objects,
both inX-ray binaries (see e.g., Pandel et al. 2008; Cackett et al. 2010;
Miller et al. 2010, and references therein) andAGNs (see e.g., Tanaka
et al. 1995; de La Calle Pérez et al. 2010; Reynolds 2019). One of
the advantages of this method is that no knowledge of BH mass and
distance from us is required in order to derive the spin.

In general axially symmetric spacetimes there exists an infinite
number of photon trajectories connecting the emission point to the
observer and giving rise to an infinite number of source images.
Standard models of relativistic Fe 𝐾𝛼 line profiles are constructed
in the Kerr metric by considering only the first order direct disk
image (see e.g., Dovčiak et al. 2004; Brenneman & Reynolds 2006;
Dauser et al. 2010). This is produced by the set of shortest photon
trajectories, which do not cross the equatorial plane. Disk higher
order images (HOIs) are produced by photon trajectories originating
from both sides of the disk and crossing the equatorial plane between
the inner edge of the optically thick disk and the event horizon of
the BH, the so-called plunging region (Reynolds & Begelman 1997;
Wilkins et al. 2020). Their contributions to the flux and spectral
features from the disk as seen at infinity were explored in previous
studies (Beckwith & Done 2005; Niedźwiecki & Zdziarski 2018;
Zhou et al. 2020b).

In this paper we study the contribution of HOIs of co-rotating and
counter-rotating disks to the Fe 𝐾𝛼 line profile in the Kerr spacetime
by considering various power-law and lamp-post emissivity profiles
for a set of representative values of BH spin and observer inclination
angle. These line profiles are then used as input for spectral simu-
lations aimed at determining the conditions under which significant
departures from direct-image-only Fe K𝛼 profiles can be singled out
through observations of BH X-ray binary systems with very large
area X-ray instruments of next generation, such as those planned for
the enhanced X-ray Timing and Polarimetry Mission (eXTP Zhang
et al. 2019). We also discuss the optical depth of the plunging region
inside the ISCO and derive an approximate lower limit to it based
on the adoption of a different boundary condition at the ISCO radius
and disk radiative efficiency.

Our paper is structured as follows: the modelling of the contri-
bution from the HOIs is presented in Sect. 2; Sect. 3 describes the

features of our calculated line profiles; simulations are presented in
Sect. 4; a summary and discussion of our results is given in Sect. 5.

2 MODELLING THE HIGHER ORDER DISK IMAGES

2.1 Contribution to the Fe 𝐾𝛼 lines profiles

We assume a geometrically thin, optically thick equatorial accretion
disk around a Kerr BH, with disk matter orbiting in circular geodesic
motion down to the ISCO. The spin and mass parameters of the BH
are 𝑎 and 𝑀 . Since we assume a counter-clockwise rotating Kerr
BH, the axial vector of its positive spin 𝑎 points from the BH south
pole towards the north pole. The line element of the Kerr spacetime
in Boyer-Lindquist (BL) coordinates (𝑡, 𝑟, \, 𝜑) is

d𝑠2 = 𝑔`ad𝑥`d𝑥a = −
(
1 − 2𝑟

Σ

)
d𝑡2 − 4𝑟𝑎

Σ
sin2 \ d𝑡 d𝜑 + Σ

Δ
d𝑟2

+ Σ d\2 +
(
𝑟2 + 𝑎2 + 2𝑟𝑎

2 sin2 \
Σ

)
sin2 \ d𝜑2, (1)

where Σ ≡ 𝑟2 + 𝑎2 cos2 \ and Δ ≡ 𝑟2 − 2𝑟 + 𝑎2. We adopt units
𝑐 = 𝐺 = 𝑀 = 1, so that the gravitational radius 𝑟𝑔 = 𝐺𝑀/𝑐2
is equal to 1. The static observer is placed at infinity, 𝑟obs → ∞,
with angular coordinates (𝜙obs = 0, \obs). The observer inclination
angle measured relative to the BH rotational axis is 𝑖 ≡ \obs. Photon
motion is described by Carter’s equations, which can be written in
the following form

𝑝𝑟 = ¤𝑟 = 𝑠𝑟Σ−1
√︃
𝑅_,𝑞 (𝑟) ,

𝑝\ = ¤\ = 𝑠\Σ−1
√︃
Θ_,𝑞 (\) , (2)

𝑝𝜙 = ¤𝜙 = Σ−1Δ−1
[
2𝑎𝑟 + _

(
Σ2 − 2𝑟

)
cosec2\

]
,

𝑝𝑡 = ¤𝑡 = Σ−1Δ−1
(
Σ2 − 2𝑎𝑟_

)
,

where dotted quantities denote differentiation with respect to the
affine parameter, and the sign pair (𝑠𝑟 , 𝑠\ ) describes orientation of
radial and latitudinal evolution, respectively (Carter 1968). The radial
and latitudinal effective potentials are

𝑅_,𝑞 (𝑟) =

[(
𝑟2 + 𝑎2

)
− 𝑎_

]2
− Δ

[
𝑞 + (_ − 𝑎)2

]
,

Θ_,𝑞 (\) = 𝑞 + 𝑎2 cos2 \ − _2cot2\ . (3)

Here _ and 𝑞 are constants of motion related to the photons covariant
angular and linear momenta. In the case of a distant observer the
rays reaching the observer position are virtually parallel and the
relations between Cartesian coordinates on the detector screen and
the constants of motion can be written as (Cunningham & Bardeen
1973)

𝑥 = − _

sin \𝑜𝑏𝑠
, 𝑦 = Θ_,𝑞 (\𝑜𝑏𝑠) . (4)

Owing to the extreme lensing properties of BHs, photons from
the accretion disk can reach the observer along an infinite number
of trajectories. Photons coming from the upper disk side (that fac-
ing the observer) give rise to direct images. Among these, photons
travelling along the shortest trajectories produce the usual, first order
direct image. Second and higher order images arise from photon
trajectories undergoing one or more loops in the close vicinity of the
BH. The 𝑛-th order direct image corresponds to photons crossing
the equatorial plane 2(𝑛 − 1) times. Photons that reach the observer
being emitted from the lower disk side give rise to 𝑛-th order indirect

MNRAS 000, 1–11 (2020)



Exploring HOIs with Fe 𝐾𝛼-lines from relativistic disks 3

-1st  order 

Em 
Accre.on Disk 

a) z-axis 

ISCO 

Accre.on Disk Em 

b) 
2nd order 

1st order 
z-axis 

Black Hole 

Black Hole 

-1st order (panel a) 

-1st order (panel b) 

2nd order (panel a) 

2nd order (panel b,  
                   inner ring) 

Figure 1. Illustrative sample of photon trajectories emitted at the point 𝐸m
having spherical coordinates (rem,𝜋/2, 𝜑em) from an accretion disk around a
BH. The first order trajectory produces a direct image. The minus-first order
trajectory originates from below the disk, passes between the BH and the
ISCO and gives rise to the first indirect image in the the observer’s plane.
The trajectory looping more than 2𝜋 around the BH gives rise a second order
direct image. The colors in the right panel represent the frequency shift factor,
𝑔, of the radiation coming from the disk surface and giving rise to different
order images. The horizontal line corresponds to the cross-section between
the observer local equatorial and BL coordinate equatorial plane.

Figure 2. A visualization of an inner part of the accretion disk around a BH
showing also disk HOIs inside the BH shadow. Upper panel: counter-rotating
disk with 𝑎 = −0.9995 and the disk inner edge at 𝑅ISCO− ' 8.99 𝑟𝑔 , the most
extreme case considered here. Lower panel: co-rotating disk with 𝑎 = 0.6 and
the disk inner edge at 𝑅ISCO+ ' 3.83 𝑟𝑔 , a case discussed in Sect.4 . Both
panels are identically zoomed with respect in the observer’s sky and displayed
for the observer inclination angle 𝑖 = 60◦. The colour scale represents the
frequency shift factor, 𝑔, of the emission, the green colour corresponding to
unity.

images crossing the equatorial plane 2𝑛−1 times (see, e.g., Viergutz
1993; Beckwith & Done 2005). Figure 1 illustrates selected photon
trajectories, with a negative sign marking those corresponding to in-
direct images. Hereafter, all images except the first direct image are
referred to as HOIs.
On the observer’s screen, the first direct photons produce the pri-

mary main image of the disk around the BH, whereas the HOIs are
located within the BH shadow (see Fig. 1 and 2). In the case of a
geometrically thin, optically thick disk extending down to the ISCO,
the boundary of the so-called BH shadow is given by the ISCO image
as seen from an inclination angle 𝑖 (see e.g. Luminet 1979; Falcke
2017; Dokuchaev & Nazarova 2019, and references therein). The
radial coordinate of the ISCO in the Kerr spacetime is

𝑅ISCO± = 3 + 𝑍2 ∓
√︁
(3 − 𝑍1) (3 + 𝑍1 + 2𝑍2) , (5)

where 𝑍1 = 1 + (1 − 𝑎2)1/3 ((1 + 𝑎)1/3 + (1 − 𝑎)1/3) and 𝑍2 =

(3𝑎2+𝑍21 )
1/2. The subscripts + and− denote the case of a co-rotating

and counter-rotatingmotion of the diskmatter relative to the BH spin,
respectively. In the non-rotating (Schwarzschild) BH case with 𝑎 = 0
the ISCO is located at 𝑅ISCO = 6 rg. The radial coordinate of the
co-rotating ISCO approaches the outer event horizon for increasing
values of 𝑎, and, in the case of extreme spin 𝑎 = 1, it merges with
the horizon at 𝑅ISCO+ = 1 rg. Instead, the radius of the counter-
rotating ISCO moves away for increasing spins, reaching its extreme
at 𝑅ISCO− = 9 rg.
The closest approach of photons reaching the observer to the BH

is in all cases limited by the radius of the equatorial co-rotating
circular photon orbits (CPO+), as all radial turning points of photons
escaping to infinity are located above it (see e.g., Teo 2003). The
radial coordinate of the CPO+ is

𝑟cpo+ = 2
[
1 + cos

(
2
3
arccos (−𝑎)

)]
. (6)

The CPO+ is at 𝑟 = 3 rg in the Schwarzschild case (𝑎 = 0) and drifts
towards the event horizon for increasing spin. In the extreme Kerr
case (𝑎 = 1), the CPO+ touches the event horizon at 𝑟 = 1 rg. The
image of the CPO+ on the observer screen determines the minimum
angular extent that HOIs can reach (see e.g., Cunningham&Bardeen
1973; Viergutz 1993; Dokuchaev & Nazarova 2019, for details).
The frequency shift factor 𝑔 (the ratio of the emitted and observed

photon energy) due to the circular orbital motion of the disk matter
in the equatorial plane (\ = 𝜋/2), can be expressed using the metric
coefficients (see Eq. 1) as (Bardeen et al. 1972)

𝑔 =

√︃
−𝑔𝑡𝑡 − 2𝑔𝑡 𝜙Ω𝐾 − 𝑔𝜙𝜙Ω2𝐾

1 − _Ω𝐾
, (7)

where

Ω𝐾± =
±1

𝑟3/2 ± 𝑎
(8)

is the Keplerian angular velocity in Kerr metric. The observed flux
at the energy 𝐸𝑐 per solid angle, ΔΠ, subtended by the disk on the
observer screen is given as (Misner et al. 1973),

Φ(𝐸𝑐) =
∫
ΔΠ

𝐼em (𝑟, 𝛼em)𝑔3 𝑓 (𝐸𝑐/𝑔, 𝜎, 𝐸0) d𝜔 , (9)

where 𝐼em (𝑟, 𝛼em) is the local emissivity generally depending on the
radius 𝑟 and the local photon emission angle 𝛼em, d𝜔 is the solid
angle element and we approximate the very narrow double-peak rest
profile of the Fe 𝐾𝛼 line by a Gaussian function 𝑓 (𝐸𝑐/𝑔, 𝜎, 𝐸0)
centred at 𝐸0 = 6.4 keV with FWHM 𝜎 = 5 eV (Basko 1978; Bakala
et al. 2015). Of course the flux equation (9) can be used with any
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Figure 3. Optical depth of the plunging region as a function of radius for
selected values of the spin parameter 𝑎: top - profiles for standard disk
radiative efficiency and null radial velocity boundary condition at the ISCO;
bottom - profiles for the case with the modified disk radiative efficiency given
by Eq. (16) and null- and non-null radial velocity (using A = 0.01) boundary
condition (dashed and continuous curves in the lower panel, respectively). The
vertical dashed lines represent the ISCO radius and the dashed horizontal red
lines are set at 𝜏𝑒 = 1 for luminosities 𝐿/𝐿Edd = 0.1, 0.01, 0.001, which
delimit the optically thick (upper part) and thin (lower part) regimes (note
the luminosity scaling of the of the Y-axis units). The profiles are limited
from below by the innermost black curve, representing the horizon radius;
the black curve at slightly larger radii represents the CPO+ radius, giving a
lower limit for equatorial plane crossing points of HOI rays.

disk spectral component, as represented by the appropriate spectral
distribution function 𝑓 (𝐸𝑐/𝑔).

2.2 Optical Depth of the Plunging region

In crossing the equatorial plane HOI rays may be attenuated or even
obscured by the presence of disk matter spiralling inside the ISCO
in the plunging region. The electron scattering optical depth 𝜏𝑒 in
the plunging region is obtained by imposing the conservation of rest
mass in the flow and expressed as a function of radius by (Reynolds
& Begelman 1997; Wilkins et al. 2020),

𝜏𝑒 =
2

𝑟[(−𝑢𝑟 )
𝐿

𝐿Edd
, (10)

where 𝐿 is the source luminosity as measured by an observer at
infinity, 𝐿Edd is the Eddington luminosity, [ is the mass to radiation
conversion efficiency (𝐿 = [ ¤𝑀 with ¤𝑀 the mass accretion rate) and
𝑢𝑟 (𝑟) is the radial geodesic velocity of the inspiralling matter, whose

expression in Kerr spacetime is (Chandrasekhar 1950)

𝑢𝑟 = −

[(
𝐸

(
𝑟2 + 𝑎2

)
− 𝑎𝐿𝑧

)2
− Δ

(
𝑟2 + (𝐿𝑧 − 𝑎𝐸)2

)]1/2
𝑟2

. (11)

The motion is determined by the two conserved quantities, the spe-
cific energy 𝐸 and the specific angular momentum 𝐿z, in the motion
from the ISCO through the plunging region; these can be expressed
as

𝐸 ≡ 𝐸K =
𝑟3/2 − 2𝑟1/2 ± 𝑎

𝑟3/4 (𝑟3/2 − 3𝑟1/2 ± 2𝑎)1/2

�����
𝑟=𝑅ISCO± (𝑎)

, (12)

𝐿z ≡ 𝐿K =
±(𝑟2 ∓ 2𝑎𝑟1/2 + 𝑎2)

𝑟3/4 (𝑟3/2 − 3𝑟1/2 ± 2𝑎)1/2

�����
𝑟=𝑅ISCO± (𝑎)

. (13)

Standard disk models assume that torquing by viscosity ceases
at the ISCO radius, as freely inspiralling motion ensues inside of it
(see e.g., Shakura & Sunyaev 1973; Novikov & Thorne 1973). As
a result the (inward) radial velocity of disk matter vanishes at the
ISCO (𝑢𝑟 (𝑟ISCO±) = 0) and the density diverges. By solving Eq.
(11) with the above boundary conditions at the ISCO, the optical
depth profile is calculated from Eq. (10) for different spin values and
the corresponding efficiencies [ = 1 − 𝐸𝐾 (see Fig. 3).

Modern accretion disk simulations indicate that magneto-hydro-
dynamic turbulence is the primary torque agent and that magnetic
stress may operate well inside the ISCO (see e.g., Hawley & Krolik
2001; Armitage et al. 2001). In application to Eq. (10), this has two
consequences: 𝑢𝑟 (𝑟ISCO±) is no longer zero and the efficiency [
increases as a result of angular momentum extraction and energy
dissipation from inside the ISCO. Simple estimates of the impact of
these two effects on the optical depth of the plunging regions are
given in the following. We express the radial velocity at the ISCO
as a fraction A of the local Keplerian velocity, i.e 𝑣𝑟 = A 𝑣𝜙 .
Considering Eq. (11), the new boundary condition is

𝑢𝑟 (𝑅ISCO±) = 𝑣𝑟 (𝑅ISCO±). (14)

This entails modifying the calculation of the geodesic velocity 𝑢𝑟 ,
by first fixing the specific angular momentum to the Keplerian value
(i.e., 𝐿𝑧 = 𝐿K), and then determining the matter specific energy 𝐸n
from the boundary condition (14); we obtain

𝐸n =
±2𝑎𝐿K +

√︃
4𝑎2𝐿2K − 𝜌𝐹
𝜌

�����
𝑟=𝑟ISCO±

, (15)

where 𝐹 = 𝑟3𝑣2𝑟 − 𝐿2K (𝑟 −2) − 𝜌 +2(𝑟
2 + 𝑎2) and 𝜌 = 𝑟3 + 𝑎2𝑟 +2𝑎2.

We provide here also an estimate of disk radiative efficiency [ that
can result from matter torquing inside ISCO; this in turn converts to
lower values of the optical depth of the plunging zone. Agol &Krolik
(2000) determined the conditions under which BH spin equilibrium
ensues as a result of matter accretion from an increased-efficiency
disk extending inside the ISCO. In such a disk the angularmomentum
transferred from inside the ISCO outwards causes a lower spin-up
torque by the accreting matter, whereas the increased emissivity in
the innermost disk regions leads to a higher spin-down torque by
photons captured by the BH. The equilibrium condition is expressed
in terms of the disk spin-equilibrium efficiency through the approxi-
mate formula

[ = 1 −
√
𝐶

2 − 𝐵

�����
𝑟=𝑅ISCO± (𝑎)

, (16)
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where 𝐵 = 1 ± 𝑎/𝑟3/2 and 𝐶 = 1 − 3/𝑟 ± 2𝑎/𝑟3/2 (see Agol & Kro-
lik 2000, for more details). Accordingly the radiative efficiency for
𝑎 = −0.8, 0, and 0.8 is [ = 0.19, 0.29 and 0.43 (here and elsewhere
negative values of the spin 𝑎 refer to counter-rotating disks), respec-
tively, to be compared with the standard Novikov & Thorne (1973)
values [ = 0.04, 0.06 and 0.12. By adopting the above prescriptions
we calculate what may be regarded as an approximate lower limit
to the radial dependence of the optical depth in the plunging region.
This is shown by the curves in the bottom panel of Fig. 3, which
can be compared with the corresponding curves in the upper panel,
based on the standard treatment for selected values of the BH spin
parameter (Reynolds & Begelman 1997). All curves are plotted for a
luminosity of 𝐿 = 𝐿Edd and can be easily rescaled for other 𝐿/𝐿Edd
values (note the Y-axis definition). In all cases the optical depth is
highest at the ISCO and decreases rapidly towards the event horizon.
It is seen that the finite radial velocity at the ISCO removes the di-
vergent behaviour and gives rise to lower values and a flatter radial
dependence of the optical depth for a small range of radii close to
the ISCO. For smaller radii than ∼ 0.9 𝑟ISCO the behaviour becomes
virtually identical to that of the solution with 𝑢𝑟 (𝑟ISCO±) = 0 owing
to the very rapid inspiralling of matter towards the horizon. The spin-
equilibrium radiative efficiency induces instead an overall downshift
of the optical depth curve in accordance with Eq. (16). Figure 3
shows also the radius of the event horizon and that of the CPO+.
Most strongly deflected HOI trajectories cross the plunging zone at
radii slightly larger than the CPO+ radius, a region characterised by
𝜏𝑒 < 1 for all curves, as long as 𝐿 . 0.01 𝐿Edd. In the Fe-line pro-
files and simulations calculated in the following we assume that the
optical depth is negligible throughout the entire plunging region and
that the disk remains optically thick and geometrically thin, without
developing an inner radiatively-inefficient inner region (Narayan &
Yi 1995; Abramowicz et al. 1995).

3 CALCULATION OF HIGHER ORDER DISK IMAGES
AND LINE PROFILES

3.1 The case of power-law emissivity profile

We use our general relativistic ray-tracing code, LSDplus, which
carries out time-reversed integration of Eqs. (2) for all null geodesics
reaching the observer screen at infinity (see Bakala et al. 2015, for
more details). The screen resolution is set to 7500 × 7500 pixels.
The first order direct image of the inner edge of the disk, which we
assume to coincide with the ISCO, delimits the BH shadow in our
case. The outer edge of the disk is located at 900 r𝑔. Following the
photon paths from the observer screen to the emission point, the code
counts the number of times photon trajectories cross the equatorial
plane at a distance at a radial coordinate between the ISCO and the
CPO+. This allows singling out the contribution from the HOIs to
the images in the observer screen as well as the line profiles (see
Figs 1 and 2). The highest order disk images that our ray-tracing
code can process is limited only by screen resolution; in practice the
flux contributions from third and HOIs can be considered negligible
(see e.g., Ohanian 1987). The Fe 𝐾𝛼 line profile is calculated by
summing the flux from each pixel of the observer screen in the
relevant energy bin of the profile, see Eq. (9). The radial dependence
R(𝑟) of the disk line emissivity is generally assumed to be a power-
law function of the radial coordinate; we also adopt an isotropic
dependence of the emissivity on the local emission angle 𝛼𝑒𝑚, thus:
𝐼𝑒𝑚 (𝑟, 𝛼𝑒𝑚) = R(𝑟) ∝ 𝑟𝑞 , where we use the classical prescription
for the radial dependence of the disk emissivity, 𝑞 = −3. Except

for the innermost disk regions, this approximates well the radial
emissivity in the so-called lamp-post geometry (see Sec. 3.2 for
details).
The panels in Fig. 4 show our calculated line profiles for different

inclination angles (𝑖 = 20◦, 40◦, 60◦, 80◦) and BH spins (𝑎 = 0,
±0.3, ±0.6, −0.9995). All profiles are normalized to their peak spe-
cific photon flux. The characteristic HOI features imprinted in the
profiles can be singled out through comparison with the correspond-
ing profiles from which the contributions of the HOIs have been
excluded (see the dashed curves). The bottom sub-panels show the
ratio of each pair of profiles. For increasing spin values of co-rotating
disks, HOIs are progressively occulted as the ISCO approaches the
event horizon; they are blocked entirely for 𝑎 = 1. For this reason,
we do not show the line profiles for a co-rotating disk with nearly
extreme spin, 𝑎 = 0.9995. The contribution from the HOIs is driven
mainly by: 𝑖) the spin-dependent width of the region between the
ISCO and CPO+, where HOI photons cross the equatorial plane; 𝑖𝑖)
the observer inclination angle, which determines the HOI observed
energy range, as well as the partial occultation of the HOIs by the
inner disk rim closest to the observer itself; 𝑖𝑖𝑖) the angular size
of HOIs, which decreases for increasing spins, as the CPO+ gets
progressively closer to the BH event horizon.
From Fig. 4 it is apparent that the broad peak on the blue side

of the profiles remains virtually unaffected by HOIs. In general, the
contribution of the HOIs tends to be most pronounced in a wide
energy interval placed around the center of the profile and extending
close to the end of the red wing. Specific flux ratios in this interval
have typical values in the∼1% – 4% range. The highest peaks in ratio
(∼5% – 7%) are attained for 𝑖 = 40°; slightly decreasing values of
the ratio are found for increasing spins. In the profiles that we studied
overall contribution of the HOIs to the Fe-line flux ranges between
∼ 0.3 and 1.4%. For lower inclinations, 𝑖 = 20◦, HOI occultation
by the inner disk rim is totally absent. Increasing absolute values of
the spin 𝑎 and the resulting shrinkage of the CPO+ and solid angles
subtended by the disk HOIs lead to a decreasing angular size of the
HOIs and a reduced contribution of the HOIs to the line profiles.
This can be seen in Fig. 4 for 𝑎 = 0.6 and especially for 𝑎 = −0.6
and −0.9995, owing to the larger ISCO size.
Figure 5 shows the emission plane maps displaying the points

where the HOI rays cross the plunging region. It is apparent that
their location depends strongly on the observer inclination angle.

3.2 Emissivity profiles in the lamp-post geometry

An often adopted prescription for the disk radial emissivity profile
is that of the so-called lamp-post model, which consists of a point
source illuminating the disk from above (and below) and located
on the BH spin axis. This geometry is meant to approximate the
illumination produced by a compact inner disk corona or a jet. The
lamp-post height is the crucial parameter which determines the radial
dependence of the disk emissivity, whereas the lamp-post spectrum
and luminosity drive the ionisation state of matter and contribute
determining the local reflected spectrum, including the Fe line (e.g.
Miniutti et al. 2003; Wilkins & Fabian 2012).
To work out some examples we adopted the effective emissivity

profile calculated by Kammoun et al. (see Fig. 2 in 2019)1 for lamp-
post heights of 12 rg and 1.5 rg and BH spin of 𝑎 = 0.94. In the 12 rg
case the emissivity has a flatter trend than a 𝑞 = −3 power law up to

1 For this we used two suitably defined twice-smoothly-broken power laws
as radial emissivities in Eq. (9).
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Figure 4. Selected Fe𝐾𝛼 line profiles with (solid lines) and without (dashed lines) disk HOIs contributions for different BH spin values, 𝑎. The colors represents
different observer inclination angles. The bottom panels display the ratio between specific fluxes with and without high order images contributions.

radii comparable to the lamp-post height, as expected from simple
geometrical arguments. Instead, when the lamp-post is very close
to the BH at 1.5 rg, the emissivity profile is steeper than a 𝑞 = −3
power law for radii . 10 rg, as a result of very large photon deflection
angles. Figure 6 shows representative Fe-line profiles along with
HOIs contributions that we calculated for both lamp-post heights
and selected inclination angles in the case of a counter-rotating disk
(in the co-rotating case the HOI contribution is negligible due to the
small ISCO radius). A small lamp-post height ℎ = 1.5 rg slightly
boosts (. 1%) the HOIs contribution with respect to the power-law
emissivity profile R(𝑟) ∝ 𝑟−3, since the inner part of the disk, which
gives rise to the strongest of the disk HOIs, is more illuminated. On
the contrary, the large lamp-post height ℎ = 12 rg suppresses (. 2%)
the HOI contribution.

4 SPECTRAL SIMULATIONS OF THE BLACK HOLE
X-RAY BINARY GRO J1655-40

In this sectionwe investigate theway inwhich theHOI contribution to
the iron line profile affects the determination of the systemparameters
such as BH spin and inner disk radius, when the line profile is
fitted with a model that does not include HOIs. Since the signal-to-
noise ratio of current instrumentation is insufficient for this purpose,
we chose to simulate observations with next generation large area
instrumentation such as that planned for eXTP (Zhang et al. 2019).
Its Large Area Detector (LAD) will afford an effective area of∼ 3m2
in the ∼8 – 10 keV range, about 5 − 10 times larger than that of
the largest X-ray instruments of the past and present generations,
as well as Athena’s (Barret et al. 2018). Using the eXTP public
response matrices (version 4, released in 2017) we simulated LAD
spectra in the nominal energy range 2 − 30 keV with Xspec version
12.10.1s (Arnaud 1996). In the spectral analysis, we also considered
a systematic uncertainty on the LADbackground knowledge of 0.5%.
We adopted as a basis the observed parameters of GRO J1655-40,

a BH low mass X-ray binary among the closest to Earth. Its distance,
initially thought to be about 3.2 kpc, was later estimated to be much
lower, with an upper limit at 1.7 kpc (Foellmi 2009). The many
works cited by Table 1 in Foellmi (2009) also provide estimates of
the BH mass in the ∼4 - 8 M� range: therefore, we will assume
a BH mass of 6 M� , corresponding to an Eddington luminosity
of 𝐿Edd ∼ 7.56 × 1038 erg s−1, and convert fluxes to luminosities
assuming a distance of 1.7 kpc. Its X-ray spectra have displayed
strong, broad Fe line profiles both in the soft and hard source states
(see e.g., Bałucińska-Church & Church 2000; Díaz Trigo et al. 2007;
Takahashi et al. 2008; Reis et al. 2009).

Since our interest lies mainly in gauging the effects of the HOI
contribution to the Fe 𝐾𝛼 line profiles, we adopted a simple model
composed of TBabs*(pexriv + diskbb + relline + HOIeffects)
to approximate the continuum spectral components (plus the Fe line)
from GRO J1655-40 in its rising low hard state and similarly behav-
ing BH X-ray binaries. TBabs accounts for the X-ray absorption by
the interstellar medium (Wilms et al. 2000), pexriv describes the
exponentially cutoff power law and the reflection component com-
ing from the disk except for emission lines (Magdziarz & Zdziarski
1995), diskbb adds the disk multi-blackbody emission (e.g., Mit-
suda et al. 1984) and relline generates an Fe 𝐾𝛼 line profile in
Kerr spacetime (Dauser et al. 2010). Finally by HOIeffects we in-
dicate the added contribution of the HOIs to the Fe 𝐾𝛼 line profile
calculated with the same disk parameters used by relline. Through
Xspec’s fakeit command we simulated the observation of such a
system for various disk configurations, then examining the impact of
the HOIs on the spectrum and on the determination of the system
parameters.

A caveat is in order here. In principle, all the reflection components
originating from the disk are affected by the same relativistic effects
that give rise to the broad, asymmetric Fe-line profile, since they
are expected to be produced in the same area: for this reason many
current models convolve the whole reflected spectrum from the disk
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Figure 6. Comparison of Fe 𝐾𝛼 line profiles calculated for different disk
emissivity models with (solid lines) and without (dashed lines) disk HOIs
contributions alongwith their ratios (bottompanels). The cyan and red profiles
are for the lamp-post emissivity model of Kammoun et al. (2019) with lamp-
post height ℎ = 1.5 𝑟𝑔 and ℎ = 12 𝑟𝑔 . The green profiles are for a power law
emissivity profile R(𝑟 ) ∝ 𝑟−3 (green). The disk is counter-rotating with spin
parameter fixed at 𝑎 = −0.94; the observer inclination angle is 𝑖 = 60◦ (top
panel) and 𝑖 = 40◦ (bottom panel).

Table 1. Starting parameters that are the same across all the simulated ob-
servations. The additional fitting parameters are the inner disk radius 𝑟𝑖𝑛, the
BH spin 𝑎, the inclination 𝑖, the normalization of the pexriv and relline
components, and the ones linked to them. Parameters indicated by the letter
𝑓 are kept fixed during the subsequent analysis, and the radial emissivity
is kept uniform over the whole disk. †The angular emissivity is considered
isotropic.

Models Parameters Values Typical best-fit value
TBabs NH (1022 cm−2) 0.7 0.700 ± 0.004
pexriv Γ 1.8 1.801 ± 0.003

foldE (keV) 100 𝑓

relrefl 0.5 0.503 ± 0.006
Redshift 0.0 𝑓

abund 1.0 𝑓

Fe abund 1.0 𝑓

Tdisk (106 K) 1 𝑓

b (erg cm s−1) 500 501 ± 5
diskbb Tin (keV) 0.5 0.4999 ± 0.0005
relline LineE (keV) 6.4 6.40 ± 0.02

Index1 3.0 2.98 ± 0.02
Rbr (rg) 100 𝑓

Rout (rg) 900 𝑓

𝑧 0.0 𝑓

limb 0.0† 𝑓

with a single relativistic broadening shape. A bias in the estimate
of the line parameters may be introduced by not accounting for the
broadening of the continuum (see e.g. Reynolds 2020). However, a
different issue has been recently found, namely that convolution rou-
tines withinXspec give rise to spurious effects when steep features of
the kernel function encounter narrow spectral components (La Placa
& Gambino 2021). Since in our case the amplitude of such effects
turned out to be larger than the contribution of the HOIs to the line
profile discussed in Sect. 3, we elected to adopt a model consisting
of a single, relativistically broadened Fe K𝛼 line superposed on a
non-relativistic reflection continuum.
The model parameters that were initially set to the same values

across all simulations are listed in Table 1. The values for these pa-
rameters were chosen by comparing different archival analyses of
this source (such as, e.g., Shaposhnikov et al. 2007; Caballero García
et al. 2007; Takahashi et al. 2008; Kalemci et al. 2016), and are rep-
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resentative of similar BH X-ray binaries. We set the normalizations
of pexriv and relline so that the 2 – 10 keV flux would always
be ∼ 1.3× 10−9 erg cm−2 s−1, corresponding to a broad-band X-ray
luminosity of ∼ 0.002 𝐿/𝐿Edd, while keeping the equivalent width
of the Fe 𝐾𝛼 line profile close to 0.15 keV in all cases.
We used the fakeit command within Xspec to simulate 500 ks

exposure spectra from twenty-one different configurations, five with
inclination 𝑖 = 20◦, eight with 𝑖 = 40◦, and eight with 𝑖 = 60°; we
simulate each case five times, for a total of 105 simulations. Note
that a fitting model component which includes the HOIs’ profile has
not yet been developed. Therefore we adopted in the fit the same
model used to generate the simulated spectra, having removed the
HOI component: this way we can determine the biases introduced by
not accounting for the HOIs of the Fe 𝐾𝛼 line profiles2.
During our spectral fits, notwithstanding the changes in the remain-

ing parameters, the values of almost all parameters of the continuum
and their confidence intervals were stable, the former being always
consistent with the starting values to within the respective uncertain-
ties (here “continuum” indicates the combination of TBabs, pexriv
and diskbb). In all cases reduced 𝜒2 values less than 1were obtained
in the fits, as a result of the systematic uncertainty on the background
we introduced. The last column in Table 1 reports typical best-fit
values for the parameters that are shared among all simulations. The
best-fit values and their associated 95%-confidence intervals on the
two main parameters of interest, the spin 𝑎 and inner disk radius 𝑟in,
are given in Table 2, where we show the best-fit values for one sim-
ulation out of the five for each case, randomly selected. As expected
the HOIs’ signatures are in most cases made unrecognisable in the
residuals by the leveling action resulting from changes in the other
parameters (see Fig. 7, left subfigure, for one among the handful of
examples that instead do show some residuals). However, this often
brings some of the line parameters, especially the spin, to values
which are incompatible with the initial ones even with rather large
95%-confidence intervals: the other parameters that are sometimes
rendered incompatible are the line energy, inclination, and emissivity
index, although only by a few percents.
Of the 105 simulations we ran, 85 yielded best-fit spins that overes-

timate the input values. This is the most evident effect of not includ-
ing the HOIs in the fitting model; it is most pronounced in systems
observed under 60° inclination and/or co-rotating disks. The last col-
umn in Table 2 indicates how many simulations out of five for each
case presented values of the spin parameter whose 95%-confidence
intervals were incompatible with the input ones: they amount to a
total of 56 simulations, with spin values always higher than the input
ones. The most extreme instance is the 𝑖 = 60°, 𝑎 = 0.6 case, four
simulations of which have their upper limit for the spin parameter
only constrained by the model’s highest possible value, 𝑎 = 0.998.
Fig. 7, right panel, shows the distribution of the best-fit values of the
spin in the 𝑖 = 60° simulations versus their input value, providing the
most striking example of the consistent overestimation of the spin.
In general, low-inclination and negative-spin simulations show the
largest uncertainties on the best-fit spin, with confidence intervals
that can almost span the entire range for strongly counter-rotating
disks observed under 𝑖 = 20°. Conversely, the co-rotating cases with

2 Before fittingwe decoupled diskbb’s normalization and relline’s 𝑟in and
set the latter to be computed in units of 𝑟ISCO±: this was done to avoid possible
inconsistencies between the value of the inner disc radius as determined by
Xspec and the one used internally by relline when 𝑟in is given in units of
𝑟𝑔 .

Table 2. Best-fit value of the two main parameters of interest, 𝑟𝑖𝑛 and 𝑎, with
their 95%-confidence intervals.

Input parameters Best-fit parameters

𝑖 𝑎 𝑟𝑖𝑛 (𝑟ISCO±) 𝑎 # biased sims

20° 0.6 1.13+0.23−0.13 0.74+0.12−0.13 1

20° 0.3 1.27+0.09−0.14 0.65+0.07−0.14 4

20° 0.0 1.09+0.15−0.09 0.19+0.20−0.20 3

20° −0.3 1.48+0.26−0.16 0.48+0.35−0.36 1

20° −0.6 1.00+0.27−0.00 −0.62+0.72−0.05 1

40° 0.6 1.00+0.05−0.00 0.65+0.05−0.02 3

40° 0.45 1.00+0.02−0.00 0.49+0.06−0.03 3

40° 0.3 1.00+0.03−0.00 0.37+0.06−0.02 4

40° 0.0 1.00+0.27−0.00 0.06+0.19−0.03 3

40° −0.3 1.00+0.11−0.00 −0.28+0.28−0.03 0

40° −0.45 1.00+0.14−0.00 −0.47+0.34−0.09 0

40° −0.6 1.00+0.17−0.00 −0.68+0.47−0.12 0

40° −0.94 1.05+0.71−0.05 −1.00+1.25−0.00 0

60° 0.6 1.44+0.30−0.35 0.87+0.03−0.09 5

60° 0.45 1.29+2.15−0.29 0.73+0.16−0.24 4

60° 0.3 2.66+1.12−0.70 0.97+0.02−0.40 4

60° 0.0 1.01+0.22−0.01 0.12+0.44−0.08 4

60° −0.3 1.20+0.46−0.20 0.13+0.38−0.34 4

60° −0.45 1.00+0.14−0.00 −0.41+0.28−0.08 3

60° −0.6 1.09+0.28−0.09 −0.34+0.40−0.25 4

60° −0.94 1.19+0.20−0.17 −0.48+0.33−0.39 5

𝑖 = 40° return the narrowest confidence intervals, possibly because
of the very sharp shape of the HOIs.
The second most-common effect of not accounting for the HOIs

in the Fe 𝐾𝛼 line profiles is a small decrease, in the order of a few
percent, of the radial emissivity index: this makes the parameter in-
compatible with its input value in more than thirty simulations. Other
secondary effects include minor variations of the inclination and rest
line energy with respect to their input values, mostly increases for
the former parameter and decreases for the latter. Although all these
deviations are almost always occurring during analyses in which the
spin is wrongly determined too, we found a handful of exceptions:
most notably, in the 𝑖 = 40°, 𝑎 = −0.3 case all five simulations
showed underestimates of both the line energy and emissivity index,
together with constant overestimates of the inclination, in spite of the
fact that the spin was always compatible with the actual one to within
its confidence intervals.
Finally, as Table 2 shows, in most of the cases featuring a spin

overestimate the best-fit inner disk radius is larger than the expected
ISCO: this is understandable, since the radius of the ISCO itself
shrinks with rising spin. This also confirms that the high spin values
we found are driven by the overall profile of the line, rather than
merely by the reddest part of the red wing, as determined by the
ISCO radius.
These results demonstrate that ignoring HOI effect may introduce

a bias towards higher values of the BH spin 𝑎 in the analyses of
systems with a wide range of parameters, provided that the plunging
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Figure 7. Left side - Simulated eXTP/LAD spectrum of GRO J1655-40 in a low state with TBabs*(pexriv + diskbb + relline + HOIeffects) best-fit model.
The lower panel shows the residuals between the data and model: this 𝑖 = 40°, 𝑎 = 0.3 case is among the few in which the effects of the HOIs are still visible
after the error calculation. Right side - Distribution of the best-fit values of the spin for the 40 simulations with 𝑖 = 60°, with their respective 95%-confidence
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region is optically thin and that the signal-to-noise ratio of the data
is high enough.
To assess, albeit approximately, the significance of the non-

modelled HOI effects, we compared the best-fit model in our analyses
above with a fit carried out with the full model used while generating
the simulated spectra, i.e., TBabs*(pexriv + diskbb + relline
+ HOIeffects): as stated earlier, a HOI-fitting model component
has not yet been developed, so HOIeffects is the same fixed HOI
shape inputted in generating each simulation. This recovered param-
eter values in agreement with the input ones and also yielded better
fits to the simulated spectra (𝜒2 decreases in the ∼ 3− 50 range were
found, depending on the HOI strength and shape), even though the
improvement is not apparent from the residuals except for only a few
cases: the simulation corresponding Fig. 7, left panel, represents the
most extreme example with Δ𝜒2=55.

5 DISCUSSION

We analysed the contribution of HOI rays to the relativistic Fe-line
profile emitted from an accretion disk around a Kerr BH, over a range
of BH spin parameters, disk inclinations and by considering different
disk radial emissivity profiles. Concerning the radial dependence of
the optical depth of the plunging region in theKerrmetric, in addition
to the standard estimate we considered a lower limit on it for the case
in which disk matter is still torqued well inside the ISCO radius. Like
Beckwith & Done (2004) and Zhou et al. (2020b) we assumed in
our calculations that the whole plunging region is optically thin so
that HOI rays can travel unimpeded through it. Characteristics HOI
features are imprinted in the profile extending from the red wing up
to energies somewhat lower than those of the blue peak of the line.

They typically contribute ∼ 1− 4% to the specific flux of the profile,
with peaks in the ∼ 5 − 7% range in several intermediate-inclination
cases. Our analysis concentrated on highly negative (𝑎 = −0.995) to
moderately large positive values (𝑎 = 0.6) of the BH spin parameter
𝑎 and evidenced that the relative contribution from the HOIs is
higher for intermediate-low inclinations (20◦ and 40◦) and decreases
for increasing values of 𝑎, as a result of the ISCO approaching the
CPO+, thus reducing the size of the plunging region. The profiles
and trends that we obtained are similar to those discussed by Zhou
et al. (2020b) over the common ranges of 𝑎 and 𝑖3.
The overall HOI contribution to the Fe-line flux, an effect in the

∼ 0.3 − 1.4% range, would be virtually impossible to reveal with
present X-ray instrumentation. We simulated the effect of the HOIs
in the X-ray spectrum of the BH X-ray binary system GRO J1655-
40 in a low hard rising state as studied with the instrument LAD
onboard of the planned X-ray astronomy mission eXTP in ∼ 500 ks
observations. We then fitted the simulated spectra by using a Fe-
line model that did not include the emission feature from HOIs. The
input values of some parameters, such as the line rest energy and
disk inclination, were not correctly recovered in some of these fits.
Significant differences were found in the determination of the spin
parameter 𝑎, with consistently higher values in the majority of our
simulations. By inference we conclude that not accounting for the
contribution of the HOIs to the line profile would lead to a bias in
BH spin estimates.
Zhou et al. (2020b) report that they did not find any appreciable

3 Judging by the profiles they display, we suspect that their outer disc radius
was set to a lower value than ours; this slightly changes the relative strength
of the HOIs
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deviation in their simulations between spectra in which HOIs were or
were not included.We note that they simulated the spectra of an AGN
a factor of about 10 fainter than our simulations of GRO J1655-40,
and observed with the X-ray Integral Field Unit (X-IFU) instrument
planned for Athena (Barret et al. 2018), whose effective area at
∼ 6 keV is < 1/10 that of eXTP. Moreover they considered only one
value of inclination (𝑖 = 70◦) and large values of BH spin (𝑎 = 0.70
and 0.95), for which the effects of the HOIs is less pronounced owing
to the shrinking ISCO radius. The model they use during the analysis
also includes the deformation parameter 𝑎13 of the Johannsen metric
to study possible deviations from general relativity: it is not clear
whether this parameter may have introduced additional degeneracies
(but see also Fig. 4 and 5 in Zhou et al. 2020b). We suspect that a
combination of the above factors allowed the influence of the HOIs to
go undetected in the Zhou et al. (2020b) simulations. Further effects
that could have contributed to this are currently under study.
We conclude that with next-generation, very-large-area X-ray in-

strumentation the effect of an extreme gravitational lensing phe-
nomenon such as the HOI contribution to the Fe-line profile should
be appreciable in long observations of BHs in galactic X-ray bina-
ries, provided they accrete at sufficiently low rates (. 0.01 𝐿Edd)
that most of the plunging region remains optically thin. As we saw in
Sect. 4, the HOI spectral signature would often be masked during the
analysis by variations of the other parameters while still providing
good fits to the data. In any case the development of suitable fitting
models which include the effects of the HOIs will be key in removing
biases and searching for such features in very-high signal to noise
spectra of the future.
The characteristics of relativistic Fe-line profiles from accretion

disks have been studied also in some alternative gravity theories and
proposed as a means of testing their predictions against those of GR
(see e.g. Johannsen & Psaltis 2013; Ni et al. 2016, and references
therein). Our results demonstrate that taking into account the HOI
contributions in the pure BH-Kerr-metric approach discussed here
would be essential also in this context, to avoidmistaking their effects
for departures from the predictions of GR.
Finally we note that HOIs in their own right and likewise other

extreme lensing phenomena (see, e.g., Hioki & Maeda 2009; Bambi
2011; Broderick et al. 2014) are amenable to generalisations to other
theories, including e.g.: modified Kerr-like spacetimes with arbitrary
multipole moments, which may falsify the Kerr hypothesis and thus
GR itself (Yagi & Stein 2016; Konoplya et al. 2016); violations of
the Kerr bound relation (𝑎 ≤ 1) that may prove the presence of a
naked singularity (Penrose 1969; Shapiro & Teukolsky 1991); Kerr-
like brane-world or super-spinning spacetime geometry (Aliev &
Gümrükçüoǧlu 2005; Gimon & Hořava 2009). Future works may
succeed in singling out Fe-line HOI diagnostics also in the context
of such theories.
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