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Microscopic nuclear equation of state at finite temperature and stellar stability
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A microscopic nuclear equation of state compatible with all current astrophysical constraints constructed
within the Brueckner-Hartree-Fock formalism is presented and extended in a consistent way to finite temperature.
The effects of finite temperature on the properties of neutron stars are studied in detail and a universal relation
regarding stellar stability is proposed.
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I. INTRODUCTION

The determination of the nuclear equation of state (EOS)
for neutron stars (NSs) currently represents a formidable the-
oretical challenge in nuclear astrophysics. In fact NSs are
characterized by a density which spans over 14 orders of
magnitude from the crust to the inner core, where significant
isospin asymmetries can be present. However, whereas for
cold NSs in weak beta equilibrium the EOS reduces to a
relation between pressure and energy density, the dynamical
evolutions of core-collapse supernovae (CCSN) [1–4], proto-
NSs [5–10], and binary neutron star (BNS) mergers [11–19]
require an EOS strongly dependent on the temperature T ,
which can rise in some cases up to a few tens or even above
100 MeV. Nuclear physics experiments in terrestrial labora-
tories cannot explore the high-density regions encountered in
NSs, and therefore theoretical methods have to be devised for
the exploration of this regime. While the subject remained
rather academic for several years, the recent progress of astro-
physical observations opened the possibility that theoretical
speculations could be confronted with observational data. For
this purpose many theoretical methods have been developed
(see, e.g., [20–24] for recent reviews).

From the observational point of view, NS mass measure-
ments are particularly relevant because they provide lower
limits on the maximum gravitational mass of stable configu-
rations. The observations of pulsars with masses around 2M�,
which include PSR J1614-2230 (M = 1.97 ± 0.04 M�) [25]
and PSR J0348 + 0432 (M = 2.01 ± 0.04 M�) [26], placed
some of the most stringent constraints on the high-density
EOS so far.

Gravitational waves emitted during the late inspiral phase
of the BNS merger event GW170817 have allowed re-
searchers to determine a combined tidal deformability of
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the two NSs [27–30]. Along with the detection of its elec-
tromagnetic counterparts, AT2017gfo [31–35], this allowed
researchers to constrain the EOS of dense matter by ruling
out very stiff EOSs due to an upper limit on the average tidal
deformability. A lower limit on the tidal deformability could
also be extracted by considering the large amount of ejected
matter, which powers the kilonova AT2017gfo [36].

The Neutron Star Interior Composition Explorer (NICER)
mission has recently provided two simultaneous mass
and radius measurements for PSR J0030 + 0451 with
R(1.44+0.15

−0.14M�)=13.02+1.24
−1.06 km [37] and R(1.34+0.15

−0.16M�)=
12.71+1.14

−1.19 km [38] and for J0740 + 6620 with R(2.08 ±
0.07M�) = 13.7+2.6

−1.5 km [39] and R(2.072+0.067
−0.066M�) =

12.39+1.30
−0.98 km [40]. The difference between these estimates

reflects the model dependence of the experimental analyses.
Combining the NICER results with the limits on the NS
maximum mass as well as the tidal deformability from
GW170817 [29] leads to constraints on the beta-equilibrated
EOS for densities in the range 1.5ρ0 � ρB � 3ρ0 (ρ0 being the
nuclear saturation density) [39,41], which can be translated
into limits for NS radii [37–42].

Theoretical EOSs are now routinely confronted with these
new data, which has already lead to the exclusion of many
EOSs that do not fulfill the current constraints on NS mass
and radius (see, e.g., [43]). The theoretical modeling of the
EOS can therefore benefit from these data, and this allows
researchers to extend the preparation of theoretical nuclear
EOSs in a controlled way to more exotic conditions, in par-
ticular finite temperature. So far only a few theoretical EOSs
are available for this purpose [43], because useful observa-
tional constraints regarding temperature effects are still not
available. In particular, among the ab initio theoretical calcu-
lations we mention the Brueckner-Hartree-Fock (BHF) EOSs
V18 and N93 [43–47], based on the Bloch–De Dominicis
approach, and those based on the variational APR EOS [48],
i.e., TNTYST [49] and SRO(APR) [50]. Other approaches
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based on the covariant density-functional theory are avail-
able, and among those we mention Shen11 [51,52], Shen20
[53], HS(DD2) [54,55], SFHx [54,56], and FSU2H [57,58].
Also nonrelativistic Skyrme-type EOSs at finite temperature
are widely used, in particular the Lattimer-Swesty EOS [59].
However, the current status of theoretical investigation is ex-
pected to change in the near future, in particular once features
of the hot remnant of BNS merger events are revealed by more
sensitive next-generation gravitational-wave detectors [60].

This paper is dedicated to the construction of a theoretical
nuclear EOS compatible with all current constraints on the
cold EOS at high density, and extended in a microscopic
way to relevant astrophysical temperatures. We continue sev-
eral previous works regarding the EOS based on the BHF
approach with an approximate treatment of finite tempera-
ture, i.e., the frozen correlations approximation (FCA) for
the single-particle (s.p.) potential, in which the correlations
at finite temperature are assumed to be the same as at T = 0
[16,17,43–45,47,61–64]. This allowed researchers to solve
the equations for the in-medium scattering K matrix only at
T = 0. In this paper we proceed to discuss results obtained
by introducing temperature effects into the K-matrix equation,
and compare with the FCA.

Our paper is organized as follows. In Sec. II we briefly dis-
cuss the theoretical formalism of the finite-temperature BHF
approach, and the EOS for symmetric and pure neutron matter
(PNM) at finite temperature. Useful fits are given, which may
help in the calculation of the free energy, composition, and
EOS of stellar matter. In Sec. III numerical results regarding
thermal effects on asymmetric and beta-stable matter are pre-
sented, including the proton fraction, the maximum mass, and
possible correlations with thermodynamical variables. Con-
clusions are drawn in Sec. IV.

II. FORMALISM

We review briefly the construction of the finite-temperature
EOS and its application to stellar structure.

A. Brueckner-Bethe-Goldstone theory at finite temperature

All thermodynamic quantities of hot stellar matter of our
interest can be derived from the free energy density, which
consists of two contributions,

f = fN + fL, (1)

where fN is the nucleonic part and fL denotes the contribution
of noninteracting leptons e, μ, νe, νμ, and their antiparticles.
In this paper, we employ the BHF approach for asymmetric
nuclear matter at finite temperature [46,65–73] to calculate
the nucleonic contribution. The essential ingredient of this ap-
proach is the in-medium interaction matrix K , which satisfies
the self-consistent equations

K (ρ, xp; E )

= V + V Re
∑
1,2

|12〉(1 − n1)(1 − n2)〈12|
E − e1 − e2 + i0

K (ρ, xp; E )

(2)

and

e1 = k2
1

2m1
+ U1, (3)

U1(ρ, xp) =
∑

2

n2〈12|K (ρ, xp; e1 + e2)|12〉a (4)

for the s.p. energy e1 and potential U1. Here E is the starting
energy and xp = ρp/ρ is the proton fraction, with proton
and total baryon densities ρp and ρ, respectively. The multi-
indices 1 and 2 denote in general momentum, isospin, and
spin.

In this paper the input nucleon-nucleon (NN) interaction
V is the Argonne V18 potential [74] supplemented by com-
patible three-body forces (TBFs), obtained employing the
same meson-exchange parameters as the two-body potential
[44,75,76]. They have a strongly repulsive character at high
density, at variance with the phenomenological Urbana TBF
(UIX) adopted earlier [46], and the closely related chiral TBF
of order N2LO [73,77–79]. The TBFs are reduced to an effec-
tive, density-dependent, two-body force by averaging over the
third nucleon in the medium,

V 12(r12) = ρ

∫
d3r3

∑
σ3,τ3

g13(r13)2g23(r23)2 V132, (5)

the average being weighted by the BHF correlation function
gα (r) = 1 − ηα (r), related to the r-space defect functions in
the partial waves α,

ηα (r) = jα (r) − uα (r), (6)

with the free wave function (Bessel function) jα , and the
correlated wave function uα , which takes into account the
nucleon-nucleon in-medium correlations [44,61,70,75,76,80–
83]. This produces an effective two-nucleon potential with
operator structure

V 12(r) = (τ1 · τ2)(σ1 · σ2)VC (r) + (σ1 · σ2)VS (r) + VI (r)

+ S12(r̂)[(τ1 · τ2)VT (r) + VQ(r)], (7)

where S12(r̂) = 3(σ1 · r̂)(σ2 · r̂) − σ1 · σ2 is the tensor opera-
tor and the five components VO, O = C, S, I, T, Q depend on
the nucleon densities ρn and ρp.

At finite temperature, n(k) in Eqs. (2) and (4) is a Fermi
distribution. For a given density and temperature, these equa-
tions have to be solved self-consistently along with the
equations for the auxiliary chemical potentials μ̃n,p:

ρi = 2
∑

k

ni(k) = 2
∑

k

[
exp

(
ei(k) − μ̃i

T

)
+ 1

]−1

. (8)

Within this approximation, the nucleonic free energy density
is [68,70,71]

fN =
∑
i=n,p

[
2

∑
k

ni(k)

(
k2

2mi
+ 1

2
Ui(k)

)
− T si

]
, (9)

where

si = −2
∑

k

{ni(k) ln ni(k) + [1 − ni(k)] ln[1 − ni(k)]} (10)
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FIG. 1. The averaged TBF components, Eq. (7), as a function of the radial distance in symmetric nuclear matter for different values of the
nucleon density ρ at T = 0 (thick curves) and T = 50 MeV (thin curves). 1S0 defect functions are shown in the insets. See text for details.

is the entropy density for the component i treated as a free
Fermi gas with spectrum ei(k).

All necessary thermodynamical quantities are derived in a
consistent way from the total free energy density f , namely,
the chemical potentials μi, pressure p, internal energy density
ε, and entropy density s are

μi = ∂ f

∂ρi

∣∣∣
T,{ρ j } j �=i

, (11)

p = ρ2 ∂ ( f /ρ)

∂ρ

∣∣∣
T

=
∑

i

μiρi − f , (12)

ε = f + T s, s = − ∂ f

∂T

∣∣∣
{ρi}

. (13)

In order to simplify and speed up the numerical procedure,
we previously often employed the FCA [8,71,84], in which the
s.p. potentials Ui(k) at finite temperature are approximated by
the ones calculated at T = 0, and thus the Bethe-Goldstone
equation (2) needs only to be solved at T = 0. This means
that the correlations at T �= 0 are assumed to be essentially
the same as at T = 0. In this paper we go beyond the FCA,
and solve the system of Eqs. (2)–(8) at finite temperature.

It should be noted that while the two-body potential V is
considered temperature independent, there are some notable
effects of temperature on the averaged TBF, namely, the defect
functions, Eq. (6), change slightly at finite temperature due to
the T dependence of the K matrix. This is illustrated in Fig. 1,
where the five TBF components, Eq. (7), and the defect func-
tion in the α = 1S0 channel (insets) are plotted as functions
of the radial distance, for symmetric nuclear matter (SNM)
at several values of the nucleon density, comparing results at
T = 0 and 50 MeV. (The results in beta-stable matter are very
similar.) One can clearly see that the five components are all
weakened at finite temperature, which is due to an increase
of the defect functions and thus a reduction of the correlation
functions g in Eq. (5). In other words, at finite T interacting
nucleons are kept at larger distance and the effective “core”

of the NN interaction increases. In conclusion, the TBFs turn
out to be weakened in hot matter. This has consequences for
the EOS, as discussed in the next section.

B. EOS for symmetric and pure neutron matter

According to the formalism just illustrated, we start by
displaying in Fig. 2 the free energy per nucleon, F/A = fN/ρ,
as a function of the nucleon density ρ, for symmetric nu-
clear matter (xp = 1/2) and pure neutron matter (xp = 0),
for several values of temperature between 0 and 70 MeV.
Results of the FCA (dashed curves) and the exact calculations
(solid curves, labeled BHF here and throughout this paper) are
shown. At T = 0 the free energy coincides with the internal
energy and the corresponding SNM curve is the usual nuclear
matter saturation curve. For PNM the temperature effect is
less pronounced due to the larger Fermi energy and free en-
ergy of the neutrons at a given density. Comparing BHF and
FCA procedures, one notes differences at low density and high
temperature (caused by a great importance of temperature ef-
fects ∼T/eF ) as well as at high density, where the reduction of
the TBF strength causes a clearly visible softening of F/A at
ρ � 0.4 fm−3 for both SNM and PNM in the BHF procedure.

This effect will not be seen when disregarding temperature
effects on the TBF, as in the FCA or for example in the recent
results [73] obtained within the same BHF approach at finite
temperature using a chiral two-nucleon potential with consis-
tent N2LO
 TBF [78,79], which produces a much softer EOS
with respect to our V18 + TBF model.

As in our previous publications we provide analytical fits
of the free energy F/A(ρ, T ) for SNM/PNM and BHF/FCA
according to the following functional form:

F

A
(ρ, T ) = aρ + bρc + d + ãt2ρ

+ b̃t2 ln(ρ) + (c̃t2 + d̃t ẽ)/ρ, (14)

where t = T/(100 MeV) and F/A and ρ are given in MeV
and fm−3, respectively. The parameters of the fits are listed
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FIG. 2. Free energy per nucleon as a function of nucleon density
for symmetric (upper panel) and pure neutron matter (lower panel).
The temperatures vary from 0 to 70 MeV in steps of 10 MeV. Results
for BHF (solid curves) and FCA (dashed curves) procedures are
compared.

in Table I (a, b, c, d are identical for BHF and FCA by con-
struction) and are valid in the ranges of density [0.05 � ρ �
1 fm−3] and temperature [5 � T � 70 MeV]. The rms devi-
ations of fits and data are better than 1 MeV for FCA and
4 MeV for the BHF procedure.

TABLE I. Parameters of the fit for the free energy per nucleon
F/A, Eq. (14), for SNM and PNM in BHF and FCA procedures.

a b c d ã b̃ c̃ d̃ ẽ

BHF SNM −57 356 2.71 −8 −203 135 −43 48 2.63
PNM 45 654 2.83 5 −195 104 −67 68 2.25

FCA SNM −57 356 2.71 −8 −144 210 −37 60 2.59
PNM 45 654 2.83 5 −92 150 −34 43 2.45

C. Hot stellar matter

For asymmetric nuclear matter, it turns out that the depen-
dence on proton fraction can be very well approximated by a
parabolic law at zero [46,85] as well as at finite temperature
[64,72]:

F

A
(ρ, T, xp) ≈ F

A
(ρ, T, 0.5) + (1 − 2xp)2 Fsym

A
(ρ, T ) (15)

with the free symmetry energy

Fsym

A
(ρ, T ) = F

A
(ρ, T, xp = 0) − F

A
(ρ, T, xp = 0.5). (16)

Therefore, for the treatment of beta-stable matter, it is only
necessary to provide parametrizations for SNM and PNM,
as by Eq. (14). The free symmetry energy determines the
composition of stellar matter, which is governed by both the
strong and the weak interaction involving leptons. We have
shown in [64] that going beyond the parabolic approximation
affects the results for NS structure only in a very marginal
way.

In this paper we study exclusively beta-stable and neutrino-
free nuclear matter, which might not necessarily be a good
approximation for merger simulations [17,86,87] and is surely
not adequate for supernovae and the first seconds of life of a
proto-NS, where the effects of trapped neutrinos are essential
[6,7,20,46]. In beta-stable nuclear matter containing nucleons
and leptons as relevant degrees of freedom, the matter com-
position is determined by imposing chemical equilibrium and
charge-neutrality conditions at given baryon density ρ, along
with baryon charge conservation, i.e.,

μn − μp = μe = μμ, (17)∑
i

Qiρi = 0, (18)

where the various chemical potentials are obtained from
the total free energy density f according to Eq. (11).
Once the composition {ρi}(ρ) is found, the total pressure p
and the internal energy density ε can be calculated through
the thermodynamical relations Eqs. (12) and (13).

The p(ε) relation is the essential input for solving the
well-known hydrostatic equilibrium equations of Tolman,
Oppenheimer, and Volkov (TOV) [88], which provide mass
M and radius R for a chosen central value of the den-
sity ρc. The solution of the TOV equations depends on the
temperature profile T (r), as obtained from realistic simula-
tions of astrophysical scenarios at finite temperature such as
core-collapse supernovae, proto-NSs, and binary NS merg-
ers. In this paper, we continue our simplified analysis of
the global effects of finite temperature on the stability of
a NS merger remnant (see, e.g., [10,16,17]), by employing
frequently used isentropic temperature profiles at constant
S/A = s/ρ = 0, 1, 2, . . . throughout the stellar matter.

The BHF approach provides only the EOS for the bulk
matter region ρ � 0.1 fm−3 without cluster formation, which
is therefore joined with the low-density Shen20 [53] EOS,
as described in detail in [46]. The maximum-mass domain
that we are interested in is in any case hardly affected by the
structure of this low-density transition region [46]. The choice
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of the crust model can influence the predictions of radius and
related deformability to a small extent, of the order of 1%
for R1.4 [46,89,90], which is negligible for our purpose. Even
neglecting the crust completely, NS radius and deformability
do not change dramatically [91].

III. RESULTS

In the following we present the results of our numerical
calculations regarding the composition of hot NS matter and
the structure of NSs. One goal is to explore eventual differ-
ences between the results obtained with the FCA and BHF
procedures.

A. Hot stellar matter

Figure 3 shows several properties of beta-stable charge-
neutral matter as a function of baryon density for several
values of fixed entropy S/A, obtained using either the FCA
(dashed curves) [47] or the full BHF procedure (solid curves).
All curves end at their the maximum mass configuration.

Figure 3(a) shows the temperature profiles. One notes that
the main difference between the FCA and BHF procedures
is the nonmonotonic behavior in the latter case. This is again
due to the softening of the EOS at high density caused by
weakened TBF (see Fig. 2), which due to the relation Eq. (13)
yields a much larger entropy for given temperature than in
the FCA. The monotonically rising profiles in [73] are similar
to the FCA for the same reason. In detail, for S/A = 2.5 the
temperatures reach about 50 MeV at high density in the BHF
case, and up to 70 MeV for the FCA, which are typical values
for NS mergers [16,17] and proto-NSs [10]. In the crust region
the temperatures vanish, so that NS radii are well defined for
the isentropic profiles.

Figure 3(b) shows the proton fraction, which is increased
by thermal effects in particular in the low-density regime. In
fact, leptons become rather numerous as a result of Fermi
distributions at finite temperature and, because of the charge-
neutrality condition, this increases the proton fraction and the
isospin symmetry of nuclear matter. On the other hand, at
high density thermal effects are less important and do not
change the composition appreciably when increasing entropy.
We notice that the proton fraction with the V18 EOS is rela-
tively large, and at T = 0 it exceeds at relatively low density
≈0.37 fm−3 the threshold value xDU ≈ 0.13 for the opening of
the direct Urca cooling reactions [23,92]. Therefore medium-
mass NSs can cool down very rapidly, in agreement with NS
mass distributions, as illustrated in our recent works [93–95].

In [43] we identified the ratio of the thermal pressure and
the cold pressure,

pratio ≡ pth

p0
(ρ, T ) = p(ρ, xT , T ) − p(ρ, x0, 0)

p(ρ, x0, 0)
, (19)

where x0 and xT are the proton fractions of cold and hot beta-
stable matter [18,43], as an important indicator for the strength
of thermal effects on stellar stability. This quantity is shown
in Fig. 3(c). Again important qualitative differences between
BHF and FCA results are evident, namely, the BHF thermal

FIG. 3. NS matter properties for fixed specific entropy S/A pro-
files as a function of the baryon density: (a) temperature, (b) proton
fraction, (c) thermal pressure ratio Eq. (19), and (d) energy per
nucleon Eβ of beta-stable matter and symmetry energy Esym at T = 0.
All curves end at the central density of their respective Mmax config-
uration, indicated by a marker. Results for BHF (solid curves) and
FCA (dashed curves) procedures are compared.
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FIG. 4. The gravitational NS mass vs the central density (left
panel) and the radius (right panel) for several values of S/A, obtained
with the BHF/FCA (solid/dashed curves) procedures. All curves end
at their respective Mmax configuration, indicated by a marker. The
horizontal black bars indicate the limits on R2.08 and R1.4 obtained
in the combined NICER + GW170817 data analyses of [39,41,42],
relevant for the cold EOS.

pressure becomes negative at certain threshold densities, also
due to the dropping temperature profiles in Fig. 3(a). In our
previous analysis [16,17,43,47] we already pointed out the rel-
atively low thermal pressure in the FCA procedure due to the
fact that beta-stable matter becomes more isospin symmetric
at high temperature. Now that feature is even more enhanced
in the full BHF procedure as a consequence of the weakened
repulsion of the TBF.

For completeness we display in Fig. 3(d) the energy per
nucleon of beta-stable matter for the BHF case, where a
moderate dependence on the entropy is clearly visible. Also
the symmetry energy at T = 0 is shown (dashed curve),
the value at saturation being about 32 MeV, together with a
slope parameter L ≈ 67 MeV. A more detailed comparison
of the cold BHF EOS with experimental constraints is given
in [23,63,96]. We have also checked that the free symmetry
energy depends only very weakly on the entropy.

B. Stellar structure

The features of the temperature-dependent EOS are re-
flected in Fig. 4, where the gravitational mass vs radius
and central density relations are plotted for several values
of S/A. Those relations are obtained in the standard way
by solving the TOV equations for beta-stable and charge-
neutral matter. The figure also shows recent mass-radius
results of the NICER mission for the pulsars J0030 + 0451
[37,38] and J0740 + 6620 [39–42]. The combined (strongly
model-dependent) analysis of both pulsars together with
GW170817 event observations [27,28] yields improved limits
on R2.08 = 12.35 ± 0.75 km [39], but in particular on the ra-
dius R1.4, namely, 12.45 ± 0.65 km [39], 11.94+0.76

−0.87 km [42],

FIG. 5. Correlation between relative change of the maximum
gravitational mass, Eq. (20), and the pressure ratio at the center of
the star, Eq. (19), for different S/A and different EOSs.

and 12.33+0.76
−0.81 or 12.18+0.56

−0.79 km [41], which are shown as
horizontal black bars. The cold BHF V18 EOS is well com-
patible with these constraints, and also its maximum mass
Mmax ≈ 2.36M� exceeds the currently known lower limits.
Some theoretical analyses of the GW170817 event indicate
also an upper limit on the maximum mass of ≈2.2–2.4 M�
[97–100], with which the V18 EOS would be compatible as
well. However, those are very model dependent, in particular
on the still to be determined temperature dependence of the
EOS [17,101,102].

Regarding the hot EOS, in Fig. 4 we observe that the
maximum masses obtained with the BHF procedure (full dots)
are slightly smaller than the corresponding FCA ones (open
dots), and both are smaller than the cold configuration (solid
black). But the dependence on entropy is weak. On the other
hand, a more important dependence on the entropy is evident
for the radius of stable mass configurations smaller than two
solar masses. One observes a systematic expansion of the hot
NS due to thermal effects, in particular of the less massive
objects. The effect arises mostly from the expansion of the
outer core and crust at finite temperature [90]. This explains
the somewhat larger radii obtained with the BHF procedure
in comparison to the FCA, because up to ρ � 0.4 fm−3 the
temperature at fixed S/A is slightly larger in the former case
[see Fig. 3(a)], which causes a larger expansion. In fact for
very high masses (large densities) the behavior is opposite.
Of course this particular effect is a consequence of assuming
idealized isentropic temperature profiles and might not be
relevant in practice.

C. Hot maximum mass and EOS

In Fig. 5 we investigate in more detail the dependence of
the maximum gravitational mass on entropy, and the relation
to properties of the underlying EOS. For this purpose, fol-
lowing [43], we plot the relative change of the gravitational
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maximum mass,

Mratio ≡ Mhot
max − Mcold

max

Mcold
max

, (20)

against the thermal pressure ratio of Eq. (19), shown in
Fig. 3(c), taken at the central density of the Mhot

max star. Apart
from V18 BHF and FCA results, we also show in this
plot the results obtained for several other finite-temperature
EOSs that are compatible with the current NS mass observa-
tions, namely, yielding 2.1M� < Mmax < 2.4M�. These are
the BHF EOS N93 in FCA [43–47]; TNTYST [49] based on
the variational APR EOS [48]; and Shen11 [51,52], Shen20
[53], HS(DD2) [54,55], and SFHx [54,56], which are based
on the covariant density-functional theory. We also include the
set of Lattimer-Swesty EOSs LS180/220/375 [59], which are
Skyrme-type EOSs and predict too low or too high Mmax but
share the same finite-T extension to different cold EOSs and
are therefore useful for the theoretical analysis, as performed
in [43].

For all EOSs one observes a nearly linear relation between
Mratio and pratio with varying S/A. Nearly all sectors of the
Mratio-pratio plane are occupied by different EOSs, apart from
Mratio > 0, pratio < 0. Even for the hottest S/A = 2.5 config-
uration studied, the relative change of the maximum mass is
limited to less than about 5% decrease for the BHF EOSs and
LS375, and increase for the others. In particular we notice
that the three versions of the LS EOS produce both positive
and negative Mratio, depending on the stiffness of the cold
EOS. In fact, as already found in [43], the magnitude of the
thermal effects depends on the nucleon effective mass and also
on the stiffness of the cold part. For comparison, in [73] the
maximum mass is nearly constant; in the hottest case S/A = 3
the increase is not larger than 1%.

In [43] we found for a fixed S/A = 2 a linear correlation
between Mratio and pratio, even involving a large number of
EOSs that do not respect the above limits on Mmax. In order
to generalize this correlation to arbitrary values of S/A, we
note that the dependence of both Mratio and pratio on S/A is
approximately parabolic. This suggests to consider appropri-
ately rescaled quantities for a “universal relation”. We found
that rescaling both quantities by the square of the central core
temperature Tc of the given fixed-S/A profile produces a sat-
isfactory correlation that is displayed in Fig. 6. For any EOS
(respecting the Mmax constraint) and any thermal condition,
the values of Mratio/T 2

c and pratio/T 2
c are linearly correlated.

In other words, an EOS featuring a certain value of pratio/T 2
c

is expected to produce Mratio/T 2
c in a narrow interval, and vice

versa. For example, a vanishing effect of temperature on Mmax,
Mratio = 0, is expected for an EOS with 0.06 < pratio/T 2

c <

0.13, and a decrease of Mmax for smaller values. Of course,
the proposed correlation should be verified for other finite-T
EOSs once they become available.

For further illustration, we show in Fig. 7 the mass-radius
relations for all considered EOSs at T = 0 and S/A = 2. In
the latter case, the radii increase according to the temperature
profiles like Fig. 3(a) (see [43]), as discussed before for the
BHF EOSs in relation with Fig. 4. The maximum mass either
increases or decreases for hot stars, as summarized in Fig. 5.

FIG. 6. As Fig. 5, but pratio and Mratio scaled by the squared core
temperature of the proper stellar profile, tc ≡ Tc/100 MeV.

IV. SUMMARY

In conclusion, we presented improved microscopic cal-
culations of the temperature dependence of the high-density
nuclear EOS in the BHF formalism including realistic two-
body and three-body forces. Results are built upon a cold EOS
that fulfills all current observational constraints regarding in
particular NS mass and radius.

The approach goes beyond the FCA by computing the
temperature-dependent s.p. energy and also the averaged TBF
self-consistently. The latter effect reduces the effectively re-
pulsive action of the TBF due to weakened nuclear correlation
functions, and thus renders the thermal pressure negative in
high-density beta-stable matter, and leads to a small decrease
of the maximum gravitational NS mass with temperature,

FIG. 7. The gravitational mass vs the radius for the T = 0 and
S/A = 2 cases, for all considered EOSs shown in Figs. 5 and 6.
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up to about 2% for a S/A = 2 temperature profile. We also
devised a universal relation relating relative changes of max-
imum gravitational mass and core thermal pressure for the
currently available set of finite-T EOSs. In all cases temper-
ature effects on stellar structure are limited to a few percent,
which will be difficult to disentangle from future observations
of NS merger remnants, for example.

However, the finite-T extension of the BHF formalism
used here comprises only temperature effects arising from the
Fermi distribution functions in Pauli operator and momen-
tum integrals, whereas the input (meson-exchange) two- and
three-body forces are assumed temperature independent. A
consistent inclusion of temperature effects in these quantities
has not been attempted so far and will be a serious theoretical
challenge for the future, as we have shown that they might
change the predictions qualitatively, in particular regarding
increase or decrease of the maximum mass.

In this paper our analysis was restricted to idealized isen-
tropic temperature profiles, which might not be adequate for
realistic astrophysical scenarios. In this regard also the ef-
fect of neutrino trapping was completely disregarded in this
schematic investigation, which focused on the temperature
effects of the strong interaction in simplified isentropic con-

ditions. The neutrino contributions to thermal energy density
and pressure might also cause a substantial change of the
maximum mass [11–14]. But for a consistent analysis much
more detailed simulations are required.

A further important issue to consider is the hypothetical
appearance of strange baryonic matter in the NS core. A
few finite-temperature EOSs including hyperons are avail-
able [84,103,104], but not all comply with the current ≈2M�
lower limit on the maximum gravitational mass of cold non-
rotating NSs. In any case, from many past studies it is
known that the presence of hyperons increases the maximum
mass of hot (proto-)NSs, allowing a possible “delayed col-
lapse” phenomenon during the proto-NS cooldown (see, e.g.,
[6,8,84,105] and references therein).
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